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Neural networks

<latexit sha1_base64="dXDn/DjEnWrElgNPmOR2ab6gGtg=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KomIuiy6cVnFPqCJZTKdtkMnkzAzkZaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98wJYs6Udpxva2V1bX1js7RV3t7Z3du3DyotFSWS0CaJeCQ7AVaUM0GbmmlOO7GkOAw4bQfjm9xvP1GpWCQe9DSmfoiHgg0YwdpIPbsyQR4TyAuxHgVBep899nt21ak5M6Bl4hakCgUaPfvL60ckCanQhGOluq4Taz/FUjPCaVb2EkVjTMZ4SLuGChxS5aez7Bk6MUofDSJpntBopv7eSHGo1DQMzGSeUS16ufif10304MpPmYgTTQWZHxokHOkI5UWgPpOUaD41BBPJTFZERlhiok1dZVOCu/jlZdI6q7kXNffuvFq/LuoowREcwym4cAl1uIUGNIHABJ7hFd6szHqx3q2P+eiKVewcwh9Ynz+SlZQm</latexit>

x 2 Rd
<latexit sha1_base64="6fs7i6K56fAvYZ5y8MV8JeYlqmI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqew+XtcZtUUcZTuAUzsGDa2jAPTTBBwYCnuEV3hzlvDjvzsditOQUmWP4A+fzB/Ngjsg=</latexit>. . .<latexit sha1_base64="f39kxt+jVmvJRdmnHSJ08Vpa8w8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbp0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5GN1O//cS1EYl6wHHK/ZhGSoSCUbTSfdT3+tWaW3dnIMvEK0gNCjT71a/eIGFZzBUySY3pem6Kfk41Cib5pNLLDE8pG9GIdy1VNObGz2enTsiJVQYkTLQthWSm/p7IaWzMOA5sZ0xxaBa9qfif180wvPJzodIMuWLzRWEmCSZk+jcZCM0ZyrEllGlhbyVsSDVlaNOp2BC8xZeXyeNZ3buoe3fntcZ1EUcZjuAYTsGDS2jALTShBQwieIZXeHOk8+K8Ox/z1pJTzBzCHzifP/OzjZU=</latexit>g1

<latexit sha1_base64="mf9bzwFc61cczVD2hcp7D1jr+gI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RjQkkS5idzG6GzGOZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e6KUs6M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0oS2iuNKdCBvKmaQtyyynnVRTLCJO29HoZuq3n6g2TMkHO05pKHAiWcwItk66T/qiX635dX8GtEyCgtSgQLNf/eoNFMkElZZwbEw38FMb5lhbRjidVHqZoSkmI5zQrqMSC2rCfHbqBJ04ZYBipV1Ji2bq74kcC2PGInKdAtuhWfSm4n9eN7PxVZgzmWaWSjJfFGccWYWmf6MB05RYPnYEE83crYgMscbEunQqLoRg8eVl8nhWDy7qwd15rXFdxFGGIziGUwjgEhpwC01oAYEEnuEV3jzuvXjv3se8teQVM4fwB97nD06yjdE=</latexit>gm
<latexit sha1_base64="OLKJ0Qs28jpAweOlr6WmwBdeIkE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnRmEByhL3NXrJkd+/YnRNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x882iQzjDdYIhPTiqjlUmjeQIGSt1LDqYokb0bDm6nffOLGikQ/4CjloaJ9LWLBKDrpvqOybrniV/0ZyDIJclKBHPVu+avTS1imuEYmqbXtwE8xHFODgkk+KXUyy1PKhrTP245qqrgNx7NTJ+TEKT0SJ8aVRjJTf0+MqbJ2pCLXqSgO7KI3Ff/z2hnGV+FY6DRDrtl8UZxJggmZ/k16wnCGcuQIZUa4WwkbUEMZunRKLoRg8eVl8nhWDS6qwd15pXadx1GEIziGUwjgEmpwC3VoAIM+PMMrvHnSe/HevY95a8HLZw7hD7zPH19Wjdw=</latexit>µ

feature layers

output layer 
(closed form)

<latexit sha1_base64="uA3/v8yMXinh048d5ylo5D3dVrs=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KomIuiy6cVnFPqCJZTKdtkMnkzAzKZaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98wJYs6Udpxva2V1bX1js7RV3t7Z3du3DyotFSWS0CaJeCQ7AVaUM0GbmmlOO7GkOAw4bQfjm9xvT6hULBIPehpTP8RDwQaMYG2knl2ZII8J5IVYj4Igvc8exz276tScGdAycQtShQKNnv3l9SOShFRowrFSXdeJtZ9iqRnhNCt7iaIxJmM8pF1DBQ6p8tNZ9gydGKWPBpE0T2g0U39vpDhUahoGZjLPqBa9XPzP6yZ6cOWnTMSJpoLMDw0SjnSE8iJQn0lKNJ8agolkJisiIywx0aausinBXfzyMmmd1dyLmnt3Xq1fF3WU4AiO4RRcuIQ63EIDmkDgCZ7hFd6szHqx3q2P+eiKVewcwh9Ynz+aB5Qr</latexit>

v 2 Rk

input logits output

<latexit sha1_base64="HEWV0MTQGFwche8+QID3CGtRDiM=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE1GXRjcsq9gFNLJPptB06mYSZiVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DMniDlT2nG+rdLK6tr6RnmzsrW9s7tn71fbKkokoS0S8Uh2A6woZ4K2NNOcdmNJcRhw2gkm17nfeaRSsUjc62lM/RCPBBsygrWR+nY1Rh4TyAuxHgdBepc9TPp2zak7M6Bl4hakBgWaffvLG0QkCanQhGOleq4Taz/FUjPCaVbxEkVjTCZ4RHuGChxS5aez7Bk6NsoADSNpntBopv7eSHGo1DQMzGSeUS16ufif10v08NJPmYgTTQWZHxomHOkI5UWgAZOUaD41BBPJTFZExlhiok1dFVOCu/jlZdI+rbvn9bPbs1rjqqijDIdwBCfgwgU04Aaa0AICT/AMr/BmZdaL9W59zEdLVrFzAH9gff4AkX+UKA==</latexit>

p 2 Rk

<latexit sha1_base64="Up46AuCzUnGpk1nlTWw6P9yxM7Y="></latexit>

v = g(x) = (gm � · · · � g1)(x) 2 Rk

p = µ(v) 2 Rk



Energy networks

<latexit sha1_base64="dXDn/DjEnWrElgNPmOR2ab6gGtg=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KomIuiy6cVnFPqCJZTKdtkMnkzAzkZaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98wJYs6Udpxva2V1bX1js7RV3t7Z3du3DyotFSWS0CaJeCQ7AVaUM0GbmmlOO7GkOAw4bQfjm9xvP1GpWCQe9DSmfoiHgg0YwdpIPbsyQR4TyAuxHgVBep899nt21ak5M6Bl4hakCgUaPfvL60ckCanQhGOluq4Taz/FUjPCaVb2EkVjTMZ4SLuGChxS5aez7Bk6MUofDSJpntBopv7eSHGo1DQMzGSeUS16ufif10304MpPmYgTTQWZHxokHOkI5UWgPpOUaD41BBPJTFZERlhiok1dZVOCu/jlZdI6q7kXNffuvFq/LuoowREcwym4cAl1uIUGNIHABJ7hFd6szHqx3q2P+eiKVewcwh9Ynz+SlZQm</latexit>

x 2 Rd
<latexit sha1_base64="6fs7i6K56fAvYZ5y8MV8JeYlqmI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqew+XtcZtUUcZTuAUzsGDa2jAPTTBBwYCnuEV3hzlvDjvzsditOQUmWP4A+fzB/Ngjsg=</latexit>. . .<latexit sha1_base64="f39kxt+jVmvJRdmnHSJ08Vpa8w8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbp0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5GN1O//cS1EYl6wHHK/ZhGSoSCUbTSfdT3+tWaW3dnIMvEK0gNCjT71a/eIGFZzBUySY3pem6Kfk41Cib5pNLLDE8pG9GIdy1VNObGz2enTsiJVQYkTLQthWSm/p7IaWzMOA5sZ0xxaBa9qfif180wvPJzodIMuWLzRWEmCSZk+jcZCM0ZyrEllGlhbyVsSDVlaNOp2BC8xZeXyeNZ3buoe3fntcZ1EUcZjuAYTsGDS2jALTShBQwieIZXeHOk8+K8Ox/z1pJTzBzCHzifP/OzjZU=</latexit>g1

<latexit sha1_base64="mf9bzwFc61cczVD2hcp7D1jr+gI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RjQkkS5idzG6GzGOZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e6KUs6M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0oS2iuNKdCBvKmaQtyyynnVRTLCJO29HoZuq3n6g2TMkHO05pKHAiWcwItk66T/qiX635dX8GtEyCgtSgQLNf/eoNFMkElZZwbEw38FMb5lhbRjidVHqZoSkmI5zQrqMSC2rCfHbqBJ04ZYBipV1Ji2bq74kcC2PGInKdAtuhWfSm4n9eN7PxVZgzmWaWSjJfFGccWYWmf6MB05RYPnYEE83crYgMscbEunQqLoRg8eVl8nhWDy7qwd15rXFdxFGGIziGUwjgEhpwC01oAYEEnuEV3jzuvXjv3se8teQVM4fwB97nD06yjdE=</latexit>gm

output maximizing  
an energy Φ

<latexit sha1_base64="uA3/v8yMXinh048d5ylo5D3dVrs=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KomIuiy6cVnFPqCJZTKdtkMnkzAzKZaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98wJYs6Udpxva2V1bX1js7RV3t7Z3du3DyotFSWS0CaJeCQ7AVaUM0GbmmlOO7GkOAw4bQfjm9xvT6hULBIPehpTP8RDwQaMYG2knl2ZII8J5IVYj4Igvc8exz276tScGdAycQtShQKNnv3l9SOShFRowrFSXdeJtZ9iqRnhNCt7iaIxJmM8pF1DBQ6p8tNZ9gydGKWPBpE0T2g0U39vpDhUahoGZjLPqBa9XPzP6yZ6cOWnTMSJpoLMDw0SjnSE8iJQn0lKNJ8agolkJisiIywx0aausinBXfzyMmmd1dyLmnt3Xq1fF3WU4AiO4RRcuIQ63EIDmkDgCZ7hFd6szHqx3q2P+eiKVewcwh9Ynz+aB5Qr</latexit>

v 2 Rk

input logits output

(LeCun, 2006)

<latexit sha1_base64="o71qnc32hdo8QNcQWBQrt2psDLY="></latexit>

p = p�(v) = argmax
p2C

�(v, p) 2 C

<latexit sha1_base64="dQ9f7jVma+pmRMK8KnknwY//2QQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE1GWxG5cV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMmrnffaBSsVjc62lC/QiPBAsZwdpIA7uaII8J5EVYjwnmWXM2sGtO3ZkDrRK3IDUo0BrYX94wJmlEhSYcK9V3nUT7GZaaEU5nFS9VNMFkgke0b6jAEVV+No8+Q6dGGaIwluYJjebq740MR0pNo8BM5hHVspeL/3n9VIfXfsZEkmoqyOJQmHKkY5T3gIZMUqL51BBMJDNZERljiYk2bVVMCe7yl1dJ57zuXtYv7i5qjZuijjIcwwmcgQtX0IBbaEEbCDzCM7zCm/VkvVjv1sditGQVO0fwB9bnD8I0k7I=</latexit>

p 2 C
<latexit sha1_base64="TZ6qE3urHVxTVvGGgRrAfUV7Xzs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9o15JNs21sNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0M/VbT1QbJsW9HSsaJnggWMwItk5qqodufch65Ypf9WdAyyTISQVy1Hvlr25fkjShwhKOjekEvrJhhrVlhNNJqZsaqjAZ4QHtOCpwQk2Yza6doBOn9FEstSth0Uz9PZHhxJhxErnOBNuhWfSm4n9eJ7XxVZgxoVJLBZkvilOOrETT11GfaUosHzuCiWbuVkSGWGNiXUAlF0Kw+PIyaZ5Vg4vq+d15pXadx1GEIziGUwjgEmpwC3VoAIFHeIZXePOk9+K9ex/z1oKXzxzCH3ifP2t7jwo=</latexit>

p�

Goal: learn      such that                 for all           pairs<latexit sha1_base64="Uga1S78K8v2ZuexGRk1evm98n+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUGPbLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rXuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDzm2M8Q==</latexit>g
<latexit sha1_base64="tCy0a5MMCKplbKR21shDr+j8Iq4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpRERD0WvXisYNpCG8pmu2mXbjZhdyOG0N/gxYMiXv1B3vw3btoctPXBwOO9GWbm+TFnStv2t1VaWV1b3yhvVra2d3b3qvsHbRUlklCXRDySXR8rypmgrmaa024sKQ59Tjv+5Db3O49UKhaJB53G1AvxSLCAEayN5NafztLTQbVmN+wZ0DJxClKDAq1B9as/jEgSUqEJx0r1HDvWXoalZoTTaaWfKBpjMsEj2jNU4JAqL5sdO0UnRhmiIJKmhEYz9fdEhkOl0tA3nSHWY7Xo5eJ/Xi/RwbWXMREnmgoyXxQkHOkI5Z+jIZOUaJ4agolk5lZExlhiok0+FROCs/jyMmmfN5zLhnN/UWveFHGU4QiOoQ4OXEET7qAFLhBg8Ayv8GYJ68V6tz7mrSWrmDmEP7A+fwDznI4g</latexit>

(x, y)
<latexit sha1_base64="oH1gM4BZoP/WsyUAI0dtvMd0oY8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRoi6LblxWsA9oYplMJ+3QSWaYmRRDqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7TyAYVdpxvq3C2vrG5lZxu7Szu7d/YB8etRVPJCYtzBmX3QApwmhMWppqRrpCEhQFjHSC8c3M70yIVJTH9zoVxI/QMKYhxUgbqW+XxYPXHNHq5Ax6SAjJH2HatytOzZkDrhI3JxWQo9m3v7wBx0lEYo0ZUqrnOkL7GZKaYkamJS9RRCA8RkPSMzRGEVF+Nj9+Ck+NMoAhl6ZiDefq74kMRUqlUWA6I6RHatmbif95vUSHV35GY5FoEuPFojBhUHM4SwIOqCRYs9QQhCU1t0I8QhJhbfIqmRDc5ZdXSfu85l7U6nf1SuM6j6MIjsEJqAIXXIIGuAVN0AIYpOAZvII368l6sd6tj0VrwcpnyuAPrM8fvbSUMw==</latexit>

p�(v) ⇡ y



Existing losses for energy networks

<latexit sha1_base64="57Deg2EgNFdBdpVJ9r3aIBikMi8=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahgpYZKeqy6MZlBfuAzlAyaaYNJpkhyRSGoeDGX3HjQhG3/oQ7/8a0nYW2HggczrmXm3OCmFGlHefbKiwtr6yuFddLG5tb2zv27l5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7eDhZuK3R0QqGol7ncbE52ggaEgx0kbq2QeV0SlMT6DHUax0BM+8xpDOtJ5ddqrOFHCRuDkpgxyNnv3l9SOccCI0ZkipruvE2s+Q1BQzMi55iSIxwg9oQLqGCsSJ8rNphjE8NkofhpE0T2g4VX9vZIgrlfLATHKkh2rem4j/ed1Eh1d+RkWcaCLw7FCYMGjCTgqBfSoJ1iw1BGFJzV8hHiKJsDa1lUwJ7nzkRdI6r7oX1dpdrVy/zusogkNwBCrABZegDm5BAzQBBo/gGbyCN+vJerHerY/ZaMHKd/bBH1ifP7eSlao=</latexit>

(v, y) 7! ��(v, y)

Energy loss

Can only work well if the energy is a negated loss

Composite loss
<latexit sha1_base64="rmh2jQYEMCaPwUBQrfY+Rw2JKko=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFSkJJIUZdFNy5cVLAPaGKZTCft0MkkzEwKoXTnxl9x40IRt/6CO//GSZuFth4YOJxzL3fO8WNGpbLtb2NpeWV1bb2wUdzc2t7ZNff2mzJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9Lyh9eZ3xoRIWnE71UaEy9EfU4DipHSUtc8skanMC1DN0SxVBG8teIHtz6g1qic6V2zZFfsKeAicXJSAjnqXfPL7UU4CQlXmCEpO44dK2+MhKKYkUnRTSSJER6iPuloylFIpDee5pjAE630YBAJ/biCU/X3xhiFUqahrydDpAZy3svE/7xOooJLb0x5nCjC8exQkDCoA2elwB4VBCuWaoKwoPqvEA+QQFjp6oq6BGc+8iJpnlWc80r1rlqqXeV1FMAhOAYWcMAFqIEbUAcNgMEjeAav4M14Ml6Md+NjNrpk5DsH4A+Mzx9R/pcQ</latexit>

(v, y) 7! L(p�(v), y)
<latexit sha1_base64="gGUtf0AZogI1YcN71BJNfdaeYrA=">AAACIXicbVBNS8MwGE7n15xfVY9egkMQhNHK0B2Hu3jwMMV9yFpKmqVbWJqWJBVG2V/x4l/x4kGR3cQ/Y7oV1M0HAk+e532T9338mFGpLOvTKKysrq1vFDdLW9s7u3vm/kFbRonApIUjFomujyRhlJOWooqRbiwICn1GOv6okfmdRyIkjfi9GsfEDdGA04BipLTkmbUb6GSvcOiESA0xYmljAh1FQyJ/pIdMiuZ330/vJt6ZZ5atijUDXCZ2TsogR9Mzp04/wklIuMIMSdmzrVi5KRKKYkYmJSeRJEZ4hAakpylHegI3nW04gSda6cMgEvpwBWfq744UhVKOQ19XZjPKRS8T//N6iQpqbkp5nCjC8fyjIGFQb5vFBftUEKzYWBOEBdWzQjxEAmGlQy3pEOzFlZdJ+7xiX1Sqt9Vy/SqPowiOwDE4BTa4BHVwDZqgBTB4Ai/gDbwbz8ar8WFM56UFI+85BH9gfH0Ddx2jug==</latexit>

L : C ⇥ Y ! R+

Costly-to-compute gradients in v

Generalized 
perceptron 

loss
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(v, y) 7! max
p2C

�(v, p)� �(v, y)

Lack strong theoretical guarantees

(LeCun, 2006)



Regularized energy networks
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v 2 Rk

input logits output

(Blondel et al, 2022)

<latexit sha1_base64="dQ9f7jVma+pmRMK8KnknwY//2QQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE1GWxG5cV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMmrnffaBSsVjc62lC/QiPBAsZwdpIA7uaII8J5EVYjwnmWXM2sGtO3ZkDrRK3IDUo0BrYX94wJmlEhSYcK9V3nUT7GZaaEU5nFS9VNMFkgke0b6jAEVV+No8+Q6dGGaIwluYJjebq740MR0pNo8BM5hHVspeL/3n9VIfXfsZEkmoqyOJQmHKkY5T3gIZMUqL51BBMJDNZERljiYk2bVVMCe7yl1dJ57zuXtYv7i5qjZuijjIcwwmcgQtX0IBbaEEbCDzCM7zCm/VkvVjv1sditGQVO0fwB9bnD8I0k7I=</latexit>

p 2 C
<latexit sha1_base64="M+HDGgnDqW1ibiWRznowrgt72q4=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF29WsB/QXUs2nW1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TRaFBYx6rdkg0cCahYZjh0E4UEBFyaIXDm6nfGoHSLJYPZpxAIEhfsohRYqwUJI9+fcC6/p2APumWK27VnQEvEy8nFZSj3i1/+b2YpgKkoZxo3fHcxAQZUYZRDpOSn2pICB2SPnQslUSADrLZ0RN8YpUejmJlSxo8U39PZERoPRah7RTEDPSiNxX/8zqpia6CjMkkNSDpfFGUcmxiPE0A95gCavjYEkIVs7diOiCKUGNzKtkQvMWXl0nzrOpdVM/vzyu16zyOIjpCx+gUeegS1dAtqqMGougJPaNX9OaMnBfn3fmYtxacfOYQ/YHz+QOGyZH0</latexit>
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p = p�⌦(v) = argmax
p2C

�(v, p)� ⌦(p) 2 C
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⌦ : C ! R

We propose a new loss construction for learning such networks



Example: linear-quadratic energy
(Blondel et al, 2022)
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p�⌦(v) = argmax
p2[0,1]k

hu, pi+ 1

2
hp, Upi � ⌦(p)

<latexit sha1_base64="iVa0qvlqEqBPf2No95Oe7zfoJMk=">AAACCHicbVDJSgNBEO1xjXGLevRgYyJ4CjMSVDwFvXiMYBZIQujp1CSd9Cx016hhyNGLv+LFgyJe/QRv/o2d5aCJDwoe71VRVc+NpNBo29/WwuLS8spqai29vrG5tZ3Z2a3oMFYcyjyUoaq5TIMUAZRRoIRapID5roSq278a+dU7UFqEwS0OImj6rBMIT3CGRmplDuJW74I2EB4wuQfR6SINPSqZC5LmerlhK5O18/YYdJ44U5IlU5Rama9GO+SxDwFyybSuO3aEzYQpFFzCMN2INUSM91kH6oYGzAfdTMaPDOmRUdrUC5WpAOlY/T2RMF/rge+aTp9hV896I/E/rx6jd95MRBDFCAGfLPJiSTGko1RoWyjgKAeGMK6EuZXyLlOMo8kubUJwZl+eJ5WTvHOaL9wUssXLaRwpsk8OyTFxyBkpkmtSImXCySN5Jq/kzXqyXqx362PSumBNZ/bIH1ifP47AmQo=</latexit>

uj : weight of label j

{1}

{1, 3}

{1, 2}
{2}

{2, 3}

{3}

{}

{1, 2, 3}
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Ui,j : weight of labels i and j



Regularized energy networks
(Blondel et al, 2022)Table 1: Examples of regularized energy networks. The v and p columns indicate the property of the

energy function �(v, p) in these variables. The L�
⌦(v, y) column indicates the property of the loss in v.

The linear-quadratic energy uses v = (A, b) where A is negative semi-definite and ⌦(p) = �
2 kpk

2
2.

�(v, p) v p L�
⌦(v, y) p�⌦(v)

GLM hv, pi linear linear convex p⌦(v)
Linear-quadratic

1
2 hp,Api+ hp, bi linear quadratic convex (�I �A)�1b

Rectifier network hrelu(v), Upi convex linear DC p⌦(U
>

relu(v))
Maxout network p · max(v) convex linear DC p⌦(max(v))

LSE network p · LSE
�(v) convex linear DC p⌦(LSE

�(v))
ICNN �ICNN(v, p) nonconvex concave nonconvex no closed form

Probabilistic
P

y2Y p(y)E(v, y) nonconvex linear nonconvex
exp(E(v,·))P

y02Y exp(E(v,y0))

Arbitrary �(v, p) nonconvex nonconcave nonconvex no closed form

model in one direction. A better choice is the generalized perceptron loss (v, y) 7! maxp2C �(v, p)��(v, y)
[42]. Another possibility is (v, y) 7! L(p�⌦(v), y), where L : C ⇥ Y ! R+ [4, 12]. However, computing the
loss gradient w.r.t. v then requires to differentiate through p�⌦(v), either through unrolling or implicit
differentiation. This is particularly problematic when C is a complicated convex set, as differentiating
through a projection can be challenging. In contrast, our proposed loss completely circumvents this need
and enjoys easy-to-compute gradients.

4 Generalized conjugates

In order to devise generalized Fenchel-Young losses, we build upon a generalization due to Moreau [47,
Chapter 14] of the convex conjugate ⌦⇤. Denoted ⌦�, it replaces the bilinear pairing in (1) with a more
general coupling � [59, Chapter 11, Section L]. In this section, we state their definition, properties,
closed-form expressions and connection to the C-transform in optimal transport.

Definition. Let �(v, p) 2 R be a coupling / energy function. The �-convex conjugate of ⌦ : C ! R,
also known as Fenchel-Moreau conjugate, is then defined by the value function

⌦�(v) := max
p2C

�(v, p)� ⌦(p). (5)

The �-convex conjugate is an important tool in abstract convex analysis [63, 60]. Recently, it has been
used to provide “Bellman-like” equations in stochastic dynamic programming [24] and to provide tropical
analogues of reproducing kernels [5]. We assume that the maximum is feasible for all v 2 V = Rd, meaning
that dom(⌦�) = V. We emphasize again that, unlike with (1), v and p do not need to have compatible
dimensions. We denote the argmax solution corresponding to (5) by

p�⌦(v) := argmax
p2C

�(v, p)� ⌦(p). (6)

If a function F (v) can be written as F (v) = ⌦�(v) for some ⌦, it is called �-convex (in analogy, a
function f(v) is convex and closed if and only if it can be written as f(v) = ⌦⇤(v) for some ⌦).

Properties. �-convex conjugates enjoy many useful properties, some of them are natural extensions of
the usual convex conjugate properties. Proofs are provided in Appendix B.1.
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Neural networks with softmax output layer

<latexit sha1_base64="dXDn/DjEnWrElgNPmOR2ab6gGtg=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KomIuiy6cVnFPqCJZTKdtkMnkzAzkZaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98wJYs6Udpxva2V1bX1js7RV3t7Z3du3DyotFSWS0CaJeCQ7AVaUM0GbmmlOO7GkOAw4bQfjm9xvP1GpWCQe9DSmfoiHgg0YwdpIPbsyQR4TyAuxHgVBep899nt21ak5M6Bl4hakCgUaPfvL60ckCanQhGOluq4Taz/FUjPCaVb2EkVjTMZ4SLuGChxS5aez7Bk6MUofDSJpntBopv7eSHGo1DQMzGSeUS16ufif10304MpPmYgTTQWZHxokHOkI5UWgPpOUaD41BBPJTFZERlhiok1dZVOCu/jlZdI6q7kXNffuvFq/LuoowREcwym4cAl1uIUGNIHABJ7hFd6szHqx3q2P+eiKVewcwh9Ynz+SlZQm</latexit>

x 2 Rd <latexit sha1_base64="YUpIP3AGa9rhYTSyzczHrEk8zTE=">AAAB+nicbVDLTgJBEOzFF+Jr0aOXicTEE9k1Rj0SvXjERB4JrGR2GGDC7OxmpldDkE/x4kFjvPol3vwbB9iDgpV0UqnqTndXmEhh0PO+ndzK6tr6Rn6zsLW9s7vnFvfrJk414zUWy1g3Q2q4FIrXUKDkzURzGoWSN8Lh9dRvPHBtRKzucJTwIKJ9JXqCUbRSxy0mpC0UaaMWVPUlvx923JJX9mYgy8TPSAkyVDvuV7sbszTiCpmkxrR8L8FgTDUKJvmk0E4NTygb0j5vWapoxE0wnp0+IcdW6ZJerG0pJDP198SYRsaMotB2RhQHZtGbiv95rRR7l8FYqCRFrth8US+VBGMyzYF0heYM5cgSyrSwtxI2oJoytGkVbAj+4svLpH5a9s/L/u1ZqXKVxZGHQziCE/DhAipwA1WoAYNHeIZXeHOenBfn3fmYt+acbOYA/sD5/AHQ9JO5</latexit>

p 2 4k<latexit sha1_base64="6fs7i6K56fAvYZ5y8MV8JeYlqmI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqew+XtcZtUUcZTuAUzsGDa2jAPTTBBwYCnuEV3hzlvDjvzsditOQUmWP4A+fzB/Ngjsg=</latexit>. . .<latexit sha1_base64="f39kxt+jVmvJRdmnHSJ08Vpa8w8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbp0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5GN1O//cS1EYl6wHHK/ZhGSoSCUbTSfdT3+tWaW3dnIMvEK0gNCjT71a/eIGFZzBUySY3pem6Kfk41Cib5pNLLDE8pG9GIdy1VNObGz2enTsiJVQYkTLQthWSm/p7IaWzMOA5sZ0xxaBa9qfif180wvPJzodIMuWLzRWEmCSZk+jcZCM0ZyrEllGlhbyVsSDVlaNOp2BC8xZeXyeNZ3buoe3fntcZ1EUcZjuAYTsGDS2jALTShBQwieIZXeHOk8+K8Ox/z1pJTzBzCHzifP/OzjZU=</latexit>g1
<latexit sha1_base64="mf9bzwFc61cczVD2hcp7D1jr+gI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RjQkkS5idzG6GzGOZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e6KUs6M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0oS2iuNKdCBvKmaQtyyynnVRTLCJO29HoZuq3n6g2TMkHO05pKHAiWcwItk66T/qiX635dX8GtEyCgtSgQLNf/eoNFMkElZZwbEw38FMb5lhbRjidVHqZoSkmI5zQrqMSC2rCfHbqBJ04ZYBipV1Ji2bq74kcC2PGInKdAtuhWfSm4n9eN7PxVZgzmWaWSjJfFGccWYWmf6MB05RYPnYEE83crYgMscbEunQqLoRg8eVl8nhWDy7qwd15rXFdxFGGIziGUwjgEhpwC01oAYEEnuEV3jzuvXjv3se8teQVM4fwB97nD06yjdE=</latexit>gm

<latexit sha1_base64="OLKJ0Qs28jpAweOlr6WmwBdeIkE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnRmEByhL3NXrJkd+/YnRNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x882iQzjDdYIhPTiqjlUmjeQIGSt1LDqYokb0bDm6nffOLGikQ/4CjloaJ9LWLBKDrpvqOybrniV/0ZyDIJclKBHPVu+avTS1imuEYmqbXtwE8xHFODgkk+KXUyy1PKhrTP245qqrgNx7NTJ+TEKT0SJ8aVRjJTf0+MqbJ2pCLXqSgO7KI3Ff/z2hnGV+FY6DRDrtl8UZxJggmZ/k16wnCGcuQIZUa4WwkbUEMZunRKLoRg8eVl8nhWDS6qwd15pXadx1GEIziGUwjgEmpwC3VoAIM+PMMrvHnSe/HevY95a8HLZw7hD7zPH19Wjdw=</latexit>µ

feature layers

softmax 
output layer

<latexit sha1_base64="YWWZs1OskHpc2lN73IkH8L2ptsk="></latexit>

v = g(x) = (gm � · · · � g1)(x) 2 Rk

p = µ(v) =
exp(v)

Pk
j=1 exp(vj)

2 4k

<latexit sha1_base64="uA3/v8yMXinh048d5ylo5D3dVrs=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KomIuiy6cVnFPqCJZTKdtkMnkzAzKZaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98wJYs6Udpxva2V1bX1js7RV3t7Z3du3DyotFSWS0CaJeCQ7AVaUM0GbmmlOO7GkOAw4bQfjm9xvT6hULBIPehpTP8RDwQaMYG2knl2ZII8J5IVYj4Igvc8exz276tScGdAycQtShQKNnv3l9SOShFRowrFSXdeJtZ9iqRnhNCt7iaIxJmM8pF1DBQ6p8tNZ9gydGKWPBpE0T2g0U39vpDhUahoGZjLPqBa9XPzP6yZ6cOWnTMSJpoLMDw0SjnSE8iJQn0lKNJ8agolkJisiIywx0aausinBXfzyMmmd1dyLmnt3Xq1fF3WU4AiO4RRcuIQ63EIDmkDgCZ7hFd6szHqx3q2P+eiKVewcwh9Ynz+aB5Qr</latexit>

v 2 Rk

input logits “soft” output

<latexit sha1_base64="pZzT0aZC1Ofi/kodTvc+g00dOMc=">AAAB+XicbVDLSgMxFM3UV62vUZdugkWomzIjoi6LblxWsA/oDCWTZtrQZBKSTHEY+iduXCji1j9x59+YtrPQ1gMXDufcy733RJJRbTzv2ymtrW9sbpW3Kzu7e/sH7uFRW4tUYdLCggnVjZAmjCakZahhpCsVQTxipBON72Z+Z0KUpiJ5NJkkIUfDhMYUI2OlvusGPK1NzmGApFTiCWZ9t+rVvTngKvELUgUFmn33KxgInHKSGMyQ1j3fkybMkTIUMzKtBKkmEuExGpKepQniRIf5/PIpPLPKAMZC2UoMnKu/J3LEtc54ZDs5MiO97M3E/7xeauKbMKeJTA1J8GJRnDJoBJzFAAdUEWxYZgnCitpbIR4hhbCxYVVsCP7yy6ukfVH3r+r+w2W1cVvEUQYn4BTUgA+uQQPcgyZoAQwm4Bm8gjcnd16cd+dj0Vpyiplj8AfO5w+jO5MF</latexit>

µ(v) ⇡ yGoal: learn      such that                 for all           pairs<latexit sha1_base64="Uga1S78K8v2ZuexGRk1evm98n+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUGPbLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rXuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDzm2M8Q==</latexit>g
<latexit sha1_base64="tCy0a5MMCKplbKR21shDr+j8Iq4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpRERD0WvXisYNpCG8pmu2mXbjZhdyOG0N/gxYMiXv1B3vw3btoctPXBwOO9GWbm+TFnStv2t1VaWV1b3yhvVra2d3b3qvsHbRUlklCXRDySXR8rypmgrmaa024sKQ59Tjv+5Db3O49UKhaJB53G1AvxSLCAEayN5NafztLTQbVmN+wZ0DJxClKDAq1B9as/jEgSUqEJx0r1HDvWXoalZoTTaaWfKBpjMsEj2jNU4JAqL5sdO0UnRhmiIJKmhEYz9fdEhkOl0tA3nSHWY7Xo5eJ/Xi/RwbWXMREnmgoyXxQkHOkI5Z+jIZOUaJ4agolk5lZExlhiok0+FROCs/jyMmmfN5zLhnN/UWveFHGU4QiOoQ4OXEET7qAFLhBg8Ayv8GYJ68V6tz7mrSWrmDmEP7A+fwDznI4g</latexit>

(x, y)



Logistic loss

<latexit sha1_base64="IoYNSXw0/TjrsCZ8DNWLdxZx3pc=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXRL0IRS8eK9gPaJeSTbNtaDa7JtliWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMPD8WXBvH+Ua5ldW19Y38ZmFre2d3r7h/0NBRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7yd+s0RU5pH8sGMY+aFpC95wCkxVmqN8DXul59Ou8WSU3FmwMvEzUgJMtS6xa9OL6JJyKShgmjddp3YeClRhlPBJoVOollM6JD0WdtSSUKmvXR27wSfWKWHg0jZkgbP1N8TKQm1Hoe+7QyJGehFbyr+57UTE1x5KZdxYpik80VBIrCJ8PR53OOKUSPGlhCquL0V0wFRhBobUcGG4C6+vEwaZxX3ouLen5eqN1kceTiCYyiDC5dQhTuoQR0oCHiGV3hDj+gFvaOPeWsOZTOH8Afo8wd5p47z</latexit>

v = g(x)

<latexit sha1_base64="MJ77XlDQe3edQ6ZC1EJwnyde2dU=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgopRERF0W3bisYB/QhDCZ3rRDJ5MwMxFKKG78FTcuFHHrV7jzb5y2WWjrgYHDOfdw554w5Uxpx/m2lpZXVtfWSxvlza3tnV17b7+lkkxSaNKEJ7ITEgWcCWhqpjl0UgkkDjm0w+HNxG8/gFQsEfd6lIIfk75gEaNEGymwD0fYYwJ7OQRuFXu9RKsqhmDojQO74tScKfAicQtSQQUagf1l4jSLQWjKiVJd10m1nxOpGeUwLnuZgpTQIelD11BBYlB+Pj1hjE+M0sNRIs0TGk/V34mcxEqN4tBMxkQP1Lw3Ef/zupmOrvyciTTTIOhsUZRxrBM86QP3mASq+cgQQiUzf8V0QCSh2rRWNiW48ycvktZZzb2ouXfnlfp1UUcJHaFjdIpcdInq6BY1UBNR9Iie0St6s56sF+vd+piNLllF5gD9gfX5A00xlhk=</latexit>

y 2 {e1, . . . , ek}

logits

ground-truth label

<latexit sha1_base64="xlI0wvV837nWp7FTqixd4z1gCLg="></latexit>

Llog(v, y) = logsumexp(v)� hv, yi

= log
kX

j=1

exp(vj)� hv, yi



Logistic loss gradient

<latexit sha1_base64="MJ77XlDQe3edQ6ZC1EJwnyde2dU=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgopRERF0W3bisYB/QhDCZ3rRDJ5MwMxFKKG78FTcuFHHrV7jzb5y2WWjrgYHDOfdw554w5Uxpx/m2lpZXVtfWSxvlza3tnV17b7+lkkxSaNKEJ7ITEgWcCWhqpjl0UgkkDjm0w+HNxG8/gFQsEfd6lIIfk75gEaNEGymwD0fYYwJ7OQRuFXu9RKsqhmDojQO74tScKfAicQtSQQUagf1l4jSLQWjKiVJd10m1nxOpGeUwLnuZgpTQIelD11BBYlB+Pj1hjE+M0sNRIs0TGk/V34mcxEqN4tBMxkQP1Lw3Ef/zupmOrvyciTTTIOhsUZRxrBM86QP3mASq+cgQQiUzf8V0QCSh2rRWNiW48ycvktZZzb2ouXfnlfp1UUcJHaFjdIpcdInq6BY1UBNR9Iie0St6s56sF+vd+piNLllF5gD9gfX5A00xlhk=</latexit>

y 2 {e1, . . . , ek}

softmax

ground-truth label

<latexit sha1_base64="yLqGI0o7nXeSREN29CQrMhcxxgY="></latexit>

r1Llog(v, y) = µ(v)� y

= EY⇠p[Y ]� y

<latexit sha1_base64="23G3BB/CknDXyg6uGoH/WrvxpBI="></latexit>

p = µ(v) =
exp(v)

Pk
j=1 exp(vj)

2 4k



Softmax as an argmax output layer

Figure 3.5: Contour plots of attention mechanisms on the simplex. From top to
bottom: softmax, sparsemax, fusedmax and oscarmax. Left column: contours of−Ω.
Right column: contours of f (p) = p"θ − Ω(p), and the optimal p!, for θ = [.8, 1, 0].
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Backward pass. To compute Jacobian-vector products we solve the linear system from Proposition 1:
(I +A(B � I)) (J⇧⌦v) = Av. This is a d⇥ d system, which at first sight suggests a complexity of
O(d3). However, we can use the structure of A to solve it more efficiently.

The matrix A is defined as A := JP�d (y
?
� rf(y?)). As a sparsemax Jacobian, A is row- and

column-sparse, and uniquely defined by its sparsity pattern. By splitting the system into equations
corresponding to zero and nonzero rows of A, we obtain that the solution J⇧⌦v must have the same
sparsity pattern as the row-sparsity of A, therefore we only need to solve a subset of the system. From
the fixed-point iteration y⇤ = P�d(y?

�rf(y?)), we have that the row-sparsity of A is the same as
the sparsity of the forward pass solution y⇤. The backward pass complexity is thus O(nnz(y⇤)3).

C Additional experimental results

C.1 Visualizing attention mappings in 3-d

Figure 5: 3-d visualization of ⇧⌦([t1, t2, 0])2 for several proposed and existing mappings ⇧⌦.
sq-pnorm-max with p = 1.5 resembles sparsemax but with smoother transitions. The proposed
structured attention mechanisms, fusedmax and oscarmax, exhibit plateaus and ridges in areas where
weights become fused together. We set � = 1 and � = 0.2.

C.2 Textual entailment results

Experimental setup. We build upon the implementation from [31], which is a slight variation of the
attention model from [38], using GRUs instead of LSTMs. The GRUs encoding the premise and
hypothesis have separate parameters, but the hypothesis GRU is initialized with the last state of the
premise GRU. We use the same settings and methodology as [31]: we use fixed 300-dimensional
GloVe vectors, we train for 200 epochs using ADAM with learning rate 3 · 10�4, we use a drop-out
probability of 0.1, and we choose an l2 regularization coefficient from {0, 10�4

, 3 · 10�4
, 10�3

}.
Experiments are performed on machines with 2⇥Xeon X5675 3.06GHz CPUs and 96GB RAM.

Dataset and preprocessing. We use the SNLI v1 dataset [8]. We apply the minimal preprocessing
from [31], skipping sentence pairs with missing labels and using the provided tokenization. This
results in a training set of 549,367 sentence pairs, a development set of 9,842 sentence pairs and a
test set of 9,824 sentence pairs. We report timing measurements in Table 3 and visualizations of the
produced attention weights in Figure 6.

C.3 Machine translation results

Experimental setup. Because our goal is to demonstrate that our attention mechanisms can be
drop-in replacements for existing ones, we focus on OpenNMT-py with default settings for all of our
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Regularized argmax output layers
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p = p⌦(v) = argmax
p2C
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Convex conjugate functions

Contours of Gini’s entropy

Surface of the sparsemax 
pΩ(t1, t2, 0)

Backward pass. To compute Jacobian-vector products we solve the linear system from Proposition 1:
(I +A(B � I)) (J⇧⌦v) = Av. This is a d⇥ d system, which at first sight suggests a complexity of
O(d3). However, we can use the structure of A to solve it more efficiently.

The matrix A is defined as A := JP�d (y
?
� rf(y?)). As a sparsemax Jacobian, A is row- and

column-sparse, and uniquely defined by its sparsity pattern. By splitting the system into equations
corresponding to zero and nonzero rows of A, we obtain that the solution J⇧⌦v must have the same
sparsity pattern as the row-sparsity of A, therefore we only need to solve a subset of the system. From
the fixed-point iteration y⇤ = P�d(y?

�rf(y?)), we have that the row-sparsity of A is the same as
the sparsity of the forward pass solution y⇤. The backward pass complexity is thus O(nnz(y⇤)3).

C Additional experimental results

C.1 Visualizing attention mappings in 3-d

Figure 5: 3-d visualization of ⇧⌦([t1, t2, 0])2 for several proposed and existing mappings ⇧⌦.
sq-pnorm-max with p = 1.5 resembles sparsemax but with smoother transitions. The proposed
structured attention mechanisms, fusedmax and oscarmax, exhibit plateaus and ridges in areas where
weights become fused together. We set � = 1 and � = 0.2.

C.2 Textual entailment results

Experimental setup. We build upon the implementation from [31], which is a slight variation of the
attention model from [38], using GRUs instead of LSTMs. The GRUs encoding the premise and
hypothesis have separate parameters, but the hypothesis GRU is initialized with the last state of the
premise GRU. We use the same settings and methodology as [31]: we use fixed 300-dimensional
GloVe vectors, we train for 200 epochs using ADAM with learning rate 3 · 10�4, we use a drop-out
probability of 0.1, and we choose an l2 regularization coefficient from {0, 10�4

, 3 · 10�4
, 10�3

}.
Experiments are performed on machines with 2⇥Xeon X5675 3.06GHz CPUs and 96GB RAM.

Dataset and preprocessing. We use the SNLI v1 dataset [8]. We apply the minimal preprocessing
from [31], skipping sentence pairs with missing labels and using the provided tokenization. This
results in a training set of 549,367 sentence pairs, a development set of 9,842 sentence pairs and a
test set of 9,824 sentence pairs. We report timing measurements in Table 3 and visualizations of the
produced attention weights in Figure 6.

C.3 Machine translation results

Experimental setup. Because our goal is to demonstrate that our attention mechanisms can be
drop-in replacements for existing ones, we focus on OpenNMT-py with default settings for all of our
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Figure 3.5: Contour plots of attention mechanisms on the simplex. From top to
bottom: softmax, sparsemax, fusedmax and oscarmax. Left column: contours of−Ω.
Right column: contours of f (p) = p"θ − Ω(p), and the optimal p!, for θ = [.8, 1, 0].
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⌦⇤(v) = max
p2C

hv, pi � ⌦(p)
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p⌦(v) = argmax
p2C

hv, pi � ⌦(p)

= r⌦⇤(v)
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Fenchel-Young loss functions
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L⌦(v, y)
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L⌦(v, y) := ⌦⇤(v) + ⌦(y)� hv, yi

(Blondel, Martins, Niculae, 2020)



Fenchel-Young loss properties

<latexit sha1_base64="i+LHK98AqJ4GEm86ZEeAVspZW88=">AAACKnicbVDLSgMxFM3UV62v+ti5CRahgpQZKeqy6MaFYAX7gLaUTHqnDc0kQ5Ip1NJ/cav4Ne6KW/9DM20XtnogcDjnXu7J8SPOtHHdiZNaWV1b30hvZra2d3b3svsHVS1jRaFCJZeq7hMNnAmoGGY41CMFJPQ51Pz+beLXBqA0k+LJDCNohaQrWMAoMVZqZ4/u282HELokPzjHwzPc7AJ229mcW3CnwH+JNyc5NEe5nf1udiSNQxCGcqJ1w3Mj0xoRZRjlMM40Yw0RoX3ShYalgoSgW6Np+jE+tUoHB1LZJwyeqr83RiTUehj6djIkpqeXvUT810sUIyXX48xiAhNct0ZMRLEBQWcBgphjI3FSEe4wBdTwoSWEKmb/gGmPKEKNLXLhgmAUAmuMbWPecj9/SfWi4F0Wio/FXOlm3l0aHaMTlEceukIldIfKqIIoekYv6BW9Oe/OhzNxPmejKWe+c4gW4Hz9AJhjpqI=</latexit>

L⌦(v, y) � 0
Non-negativity
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L⌦(v, y) = 0 , p⌦(v) = y

Zero loss
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r1L⌦(v, p) = r⌦⇤(v)� y

= p⌦(v)� y

Gradient
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Fenchel-Young losses

Generalized Fenchel-Young losses



Regularized energy networks
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v 2 Rk

input logits output

(Blondel et al, 2022)
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⌦�(v) := max
p2C

�(v, p)� ⌦(p)
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F (v) is �-convex
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9⌦ s.t. F (v) = ⌦�(v)
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p�⌦(v) := argmax
p2C

�(v, p)� ⌦(p)
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� : V ⇥ C ! R
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⌦ : C ! R (Moreau, 1966)



Generalized conjugate properties

Proposition 1 (Properties of �-convex conjugates). Let ⌦ : C ! R and � : V ⇥ C ! R.

1. Generalized Fenchel-Young inequality: for all v 2 V and p 2 C,

⌦�(v) + ⌦(p)� �(v, p) � 0.

2. Convexity: If �(v, p) is convex in v, then ⌦�(v) is convex (even if ⌦(p) is nonconvex).
3. Order reversing: if ⌦(p)  ⇤(p) for all p 2 C, then ⌦�(v) � ⇤�(v) for all v 2 V.
4. Continuity: ⌦� shares the same continuity modulus as �.
5. Gradient (envelope theorem): Under mild assumptions (see proof), we have

r⌦�(v) = r1�(v, p�⌦(v)), where r1 denotes the gradient in the first argument.
6. Smoothness: If C is a compact convex set, �(v, p) is �-smooth in (v, p), concave in p and ⌦(p)

is �-strongly convex in p, then ⌦�(v) is (� + �2/�)-smooth and p�⌦(v) is �/�-Lipschitz.

The condition on � and ⌦ in item 6 for ⌦� to be a smooth function (i.e., with Lipschitz-continuous
gradients) is a novel result and will play a crucial role for establishing calibration guarantees in §6.

Envelope theorems. The gradient expression in item 5 is based on envelope theorems. It is crucial,
as it allows to compute gradients with respect to v without differentiating through p�⌦(v). In practice,
this is implemented using the stop_gradient function available in JAX [21]. For �(v, p) convex in v, we
use Danskin’s classical theorem [28, 14]. For �(v, p) nonconvex in v, we use the lesser known theorem of
Rockafellar [59, Theorem 10.31], which requires additional continuity assumptions on � and unicity of
the maximum in (6). Note that when we do not compute the exact solution of (6), we only obtain an
approximation of the gradient r⌦�(v). Approximations guarantees are studied in [1].

Closed forms. While (5) and (6) may need to be solved numerically in general, they enjoy closed-form
expressions in simple cases. Proofs are provided in Appendix B.2.

Proposition 2 (Closed-form expressions). Let ⌦ : C ! R and � : V ⇥ C ! R.

1. Bilinear coupling: If �(v, p) = hv, Upi, then ⌦�(v) = ⌦⇤(U>v) and p�⌦(v) = p⌦(U>v).
2. Linear-quadratic coupling: If C = Rk, ⌦(p) = �

2 kpk
2
2 and �(v, p) = 1

2 hp,Api + hp, bi, where
v = (A, b) and A is such that (�I �A) is positive definite, we obtain

⌦�(v) =
1

2
hb, (�I �A)�1bi and p�⌦(v) = (�I �A)�1b. (7)

3. Metric coupling: If V = C, � = �C where C(v, p) is a metric and ⌦ is M -Lipschitz with M  1,
then ⌦� = �⌦ and p�⌦(v) = v.

Relation with the C-transform. Given a cost function C, we may define a min counterpart of (5),

⇤C(v) := min
p2C

C(v, p)� ⇤(p). (8)

In the optimal transport literature, this is known as the C-transform of ⇤ [62, 57]. When C is bilinear,
this recovers the notion of concave conjugate [19]. When C(v, p) = c(v � p) for some c, this recovers the
infimal convolution [19]. It is easy to check that ⌦ = �⇤ , ⌦� = �⇤C with C = ��. Thus, ⌦� and ⇤C

are the natural extensions of convex and concave conjugates, respectively. We opt for the former in this
paper to closely mirror the usual convex conjugates and Fenchel-Young losses.
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Generalized Fenchel-Young losses
<latexit sha1_base64="0YVVSyLfZCTuMD9C0bYZ3uet+6Y="></latexit>

L�
⌦(v, y) := ⌦�(v) + ⌦(y)� �(v, y)

p

⌦(p)

�(v, p) � ⌦�(v)

y

L�
⌦(v, y)

p�
⌦(v)

(Blondel et al, 2022)
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�(v, p) =
1

2
hp,Api+ hb, pi
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⌦(p) =
�

2
kpk22
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1

2
hb, (�I �A)�1bi



GFY loss properties
Non-negativity
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L�
⌦(v, y) � 0

Zero loss
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L�
⌦(v, y) = 0 , p�⌦(v) = y

Gradient
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r1L
�
⌦(v, p) = r⌦�(v)�r1�(v, y)

= r1�(v, p
�
⌦(v))�r1�(v, y)

envelope theorems



Bounds

Lower bound
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�(v, p)� ⌦(p) �-strongly concave in p
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Upper bound
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�(v, p) concave in p
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⌦(v, p)  L⌦(r2�(v, p), p)



Multilabel classification experiments

Table 2: Multilabel classification results using various energies (test accuracy in %).
Energy yeast scene mediamill birds emotions cal500

Unary (linear) 79.76 89.14 96.84 86.47 78.22 85.67
Unary (rectifier network) 80.03 91.35 96.91 91.74 79.79 86.25

Pairwise 80.19 91.58 96.95 91.55 80.56 85.73
SPEN 79.99 91.24 96.68 91.41 79.35 86.25

Input-concave SPEN 80.00 90.64 96.95 91.77 79.73 86.35

If U is negative semi-definite, i.e., U = �AA> for some matrix A 2 Rk⇥m, then the problem is concave
in p and can be solved optimally. Moreover, since �(v, p) is linear-concave, the calibration guarantees in
§6 hold and L�

⌦(v, y) is convex in v. In our experiments, we use a matrix A of rank 1 (cf. Appendix C).
Unlike (7), (15) does not enjoy a closed form due to the constraints. We solve it by coordinate ascent: if
⌦ is quadratic, as is the case with Gini’s negentropy, the coordinate-wise updates can be computed in
closed-form. Again, (15) can be interpreted as a marginal probability. In constrast to (15), marginal
inference in the closely related Ising model is known to be #P-hard [30].

SPEN model. Following SPENs [10, Eq. 4 and 5], we also tried the energy �(v, p) = hu, pi � (w, p),
where v = (u,w), u = g✓(x) and w are the weights of the “prior network”  (independent of x). We also
tried a variant where  is made convex in p, making �(v, p) concave in p. In both cases, we compute
p�⌦(v) by solving (6) using projected gradient ascent with backtracking linesearch.

Experimental setup. We perform experiments on 6 publicly-available datasets, see Appendix C. For
all datasets, we normalize samples to have zero mean unit variance. We use the train-test split from the
dataset when provided. When not, we use 80% for training data and 20% for test data. For all models,
we solve the outer problem (11) using ADAM. We set ⌦(p) to the Gini negentropy. We hold out 25%
of the training data for hyperparameter validation purposes. We set R(✓) in (11) to �

2 k✓k
2
2. For the

regularization hyper-parameter �, we search 5 log-spaced values between 10�4 and 101. For the learning
rate parameter of ADAM, we search 10 log-spaced valued between 10�5 and 10�1. Once we selected the
best hyperparameters, we refit the model on the entire training set. We average results over 3 runs with
different seeds.

Results. Table 2 shows a model comparison. We observe slight improvements with the pairwise model
on 4 out of 6 datasets, confirming that generalized FY losses are able to learn useful models. Input-
concavity helps improve SPENs in 4 out of 6 datasets. Table 4 confirms that using the envelope theorem
for computing gradients works comparably to (if not better than) the implicit function theorem. Table 5
shows that the generalized Fenchel-Young loss outperforms the energy loss, the binary cross-entropy loss
and the generalized perceptron loss.

7.2 Imitation learning

In this section, we study the application of generalized Fenchel-Young losses to imitation learning. This
setting consists in learning a policy ⇡ : X 7! Y, a mapping from states X to actions Y, from a fixed
dataset of expert demonstrations (x1, y1), . . . , (xn, yn) 2 X ⇥Y . In particular, we only consider a Behavior
Cloning approach [58], which essentially reduces imitation learning to supervised learning (as opposed to
inverse RL methods [61, 51]). The learned policy ⇡ is evaluated on its performance, which is the expected
sum of rewards of the environment [67].
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Energy comparison (test accuracy in %)

Loss comparison (test accuracy in %)

Table 4: Comparison of envelope and implicit function theorems on the pairwise model (test accuracy in
%).

yeast scene mediamill birds emotions cal500

Envelope theorem 80.19 91.58 96.95 91.55 80.56 85.73

Implicit function theorem 80.33 91.58 96.95 91.54 80.53 85.57

Table 5: Comparison of loss functions for the pairwise model (accuracy in %).
yeast scene mediamill birds emotions cal500

Generalized FY loss 80.19 91.58 96.95 91.55 80.56 85.73
Energy loss 42.35 33.02 40.92 14.29 55.50 39.27

Cross-entropy loss 79.00 90.78 96.77 91.56 78.08 85.89

Generalized perceptron loss 68.36 89.33 93.24 88.92 66.34 80.11

C.2 Imitation learning

Experimental details. We run a hyperparameter search over the learning rate of the ADAM optimizer,
the number of hidden units in the layers, the weight of the L2 parameters regularization term and the scale
of the energy regularization term ⌦. We run the hyperparameter search for 4 demonstration trajectories
and select the best performing ones based on the final performance (averaged over 3 seeds).

Table 6: Hyperparameter search for imitation learning.
Model Learning rate Params regularization Energy regularization Hidden units

{1e-4, 5e-4, 1e-3} {0., 1., 10.} {0.1, 1., 10.} {16, 32, 64, 128}

Unary 5e-4 0.0 1. 16
Pairwise 1e-4 0.0 10. 32

Environments. We also provide performance of the expert agent as detailed by Orsini et al. [55] as
well as the description of the observation and action spaces for each environment.

Table 7: Dimension of observation space, dimension of action space, expert performance, and random
policy performance for each environment.

Task Observations Actions Random policy score Expert score

HalfCheetah-v2 17 6 -282 8770
Hopper-v2 11 3 18 2798
Walker-v2 17 6 1.6 4118
Ant-v2 111 8 123 5637
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X : features
<latexit sha1_base64="cCKuGqGRwuF4MPgY6IkUv8NDMAU=">AAACGXicbVDJSgNBFOxxjXGLevTSGAQPEmYkqAhC0IvHCGaRTAw9nZekSc9C9xsxDPMbXvwVLx4U8agn/8bOctDEgoai6j1eV3mRFBpt+9uam19YXFrOrGRX19Y3NnNb21UdxopDhYcyVHWPaZAigAoKlFCPFDDfk1Dz+pdDv3YPSoswuMFBBE2fdQPREZyhkVo52/UZ9jiTyW1Kz6mb2IeOm9716Rl1ER4w8WOJIpJAJfNA6rSVy9sFewQ6S5wJyZMJyq3cp9sOeexDgFwyrRuOHWEzYQoFl5Bm3VhDxHifdaFhaMB80M1klCyl+0Zp006ozAuQjtTfGwnztR74npkc5tDT3lD8z2vE2DltJiKIYoSAjw91YkkxpMOaaFso4CgHhjCuhPkr5T2mGEdTZtaU4ExHniXVo4JzXCheF/Oli0kdGbJL9sgBccgJKZErUiYVwskjeSav5M16sl6sd+tjPDpnTXZ2yB9YXz/BNqAw</latexit>

Y = {0, 1}k : multiple labels



Imitation learning experiments

Figure 2: Average performance (higher is better) and standard deviation over 10 seeds.

Experimental setup. We consider four MuJoCo Gym locomotion environments [22] together with
the demonstrations provided by Orsini et al. [55]; see Appendix C.2 for environment and demonstration
details. We evaluate the learned policy ⇡ for different number of demonstration trajectories: 1, 4 and 11,
consistently with [36, 38, 27]. The action space in the demonstrations is included in [�1, 1]k, where the
dimensionality of the action space k corresponds to the torques of the actuators. We scale the action
space to the hypercube Y = C = [0, 1]k at learning time and scale it back to the original action space at
inference time. Similarly to the multilabel classification setup, we evaluate the unary and pairwise models,
with the only difference that we use two hidden layers instead of one, since it leads to significantly better
performance. We specify the hyperparameter selection procedure in Appendix C.2.

Results. We run the best hyperparameters over 10 seeds and report final performance over 100
evaluation episodes. Figure 2 shows a clear improvement of the pairwise model over the unary model for
3 out of 4 tasks. Contrary to the unary model, the pairwise model enables to capture the interdependence
between the different torques of the action space, translating into better performance.

8 Conclusion

Building upon generalized conjugate functions, we proposed generalized Fenchel-Young losses, a natural
loss construction for learning energy networks and studied its properties. Thanks to conditions on the
energy � and the regularizer ⌦ ensuring the loss smoothness, we established calibration guarantees for
the case of linear-concave energies, a more general result than the existing analysis, restricted to bilinear
energies. We demonstrated the effectiveness of our losses on multilabel classification and imitation
learning tasks. We hope that this paper will help popularize generalized conjugates as a powerful tool for
machine learning and optimization.
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<latexit sha1_base64="QVPC5ANAnvwFX6Jy/IuMRa1lmxM=">AAACGnicbVDLSgNBEJz1GeNr1aOXwSB4irsSVDwFvXiMYB6QhDA76SRDZh/M9AbDku/w4q948aCIN/Hi3zib7EETCwaKqu6e7vIiKTQ6zre1tLyyurae28hvbm3v7Np7+zUdxopDlYcyVA2PaZAigCoKlNCIFDDfk1D3hjepXx+B0iIM7nEcQdtn/UD0BGdopI7ttnyGA85k0phc0RbCAyaUx0pBgDT0NKjRtFLTU6qRIUw6dsEpOlPQReJmpEAyVDr2Z6sb8tg3E7lkWjddJ8J2whQKLmGSb8UaIsaHrA9NQwPmg24n09Mm9NgoXdoLlXlmo6n6uyNhvtZj3zOV6SF63kvF/7xmjL3LdiKCKEYI+OyjXiwphjTNiXaFAo5ybAjjSphdKR8wxTiaNPMmBHf+5EVSOyu658XSXalQvs7iyJFDckROiEsuSJnckgqpEk4eyTN5JW/Wk/VivVsfs9IlK+s5IH9gff0AGV+hiQ==</latexit>

X : current observations / state
<latexit sha1_base64="pYfUbjlQaIlruKu1io+Ty5u5LPM="></latexit>

Y : angle of the arm joints in [0, 1]k



Conclusion

•We proposed a principled loss construction based on  
general conjugates for learning energy networks

• Preprint “Learning Energy Networks with Generalized 
Fenchel-Young losses” arXiv:2205.09589 

•More properties

• Link with C-transforms

•More experiments

• Calibration guarantees in the surrogate loss setting

• Generalized Bregman divergences

• Thank you for your attention!

https://arxiv.org/abs/2205.09589

