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Neural networks

input logits output

VD = g(a’;) — (gm O +++0 gl)(x) & Rk feature layers
D = M(U) & Rk output layer

(closed form)



Energy networks

(LeCun, 2006)
wGRd---—bveRkPEC
input logits output

D = p(I) (U) — argmaX (I)(U,p) - C output maximizing

pEC an energy @

Goal: learn g such that p®(v) = y for all (z,y) pairs



Existing losses for energy networks

(LeCun, 2006)
Energy loss

(v,y) = —®(v,y)

Can only work well if the energy is a negated loss
Composite loss
P .
(U,y) HL(p (U)7y) L:CxY—Ry

Costly-to-compute gradients in v

Generalized

perceptron
loss

(v,y) — max ®(v,p) — ®(v,y)
peC

Lack strong theoretical guarantees



Regularized energy networks

(Blondel et al, 2022)

input logits output

p=pl(v) = argmax ®(v,p) — Qp) € C P maximizing

peC energy

o:VxC—-R Q:C—R

We propose a new loss construction for learning such networks



Example: linear-quadratic energy

(Blondel et al, 2022)

1
pl(v) = argmax (u.p) + - p.Up) — Qp)
p€[0,1]"

v=(u,U) wu;:weight of label 7 U, ; : weight of labels 7 and j

T 2 ® (1.2}

{2, 3} (1,2, 5}

{3 :
{1}
3
) ® {1,3}




Regularized energy networks

(Blondel et al, 2022)

®(v, p) v p
GLM (v, p) linear linear
Linear-quadratic %(p, Ap) + (p,b) linear quadratic
Rectifier network (relu(v), Up) convex linear
Maxout network p - max(v) convex linear
LSE network p - LSE” (v) convex linear
ICNN —ICNN(v, p) nonconvex concave
Probabilistic > yey P(Y)E(v,y) nonconvex linear

Arbitrar P (v nonconvex nonconcave
Yy 3




Remainder of this talk

Logistic loss

convex conjugates (bilinear pairing)

Fenchel-Young losses

generalized conjugates (energy coupling)

Generalized Fenchel-Young losses



Outline

Logistic loss



Neural networks with softmax output layer

input logits “soft” output

1 — g(x) — (gm O---0 91)(55) - Rk feature layers

exp(v
p — M(U) — L ( ) -~ Ak softmax

Zg _1 exp (U] ) output layer

Goal: learn g such that p(v) =y for all (z,y) pairs



Logistic loss

Llog (U7 y) — logsumexp(v) - <”U, y>

— logzeXP(Uj) — (v,Y)

logits VUV = g(x)

ground-truth label y e {ey,...,en}



Logistic loss gradient

V1Llog(v7 y) — ,u(v) — Y
= By p Y| —y
softmax p=ulv) = exp(v) c A"

ground-truth label (TS {61 ..... ek}



Softmax as an argmax output layer

logsumexp(v) = log E exp(v;)
= ma&g@ p) — (p,logp)
peEA (1,0, 0) (0,1,0)
Contours of Shannon’s entropy
exp(v)

p(v) =

Z?:l exp(v;)

= argmax (v, p) — (p, log p)
pENFk

= Vlogsumexp(v)

Surface of the softmax
p(t1, t2, 0)



Outline

Fenchel-Young losses



Regularized argmax output layers

$€Rd"'—>UERk PEC

input logits “soft” output

p = pa(v) = argmax(v, p) — (p)
peC

Goal: learn g such that pa(v) = yfor all (z,y) pairs



Convex conjugate functions

" (v) = max(v, p) — Q(p)

peC
(0:C =R
PO (U) — a»fgmaX<U, p> — Q(p) Contours o?&li)ni’s entropy
peC Q(p) = 1/2(p,1 —p)

= VQ* (v)

f(v) is closed and convex

0

3() s.t. f(?)) = ()" (U) Surface of the sparsemax
pa(ts, t2, 0)




Fenchel-Young loss functions

(Blondel, Martins, Niculae, 2020)
Lo(v,y) = Q" (v) + Qy) — (v, y)

2(p)

(u, p) — 7 (u)



Fenchel-Young loss properties

Non-negativity

LQ(Ua y) 2 0

Zero loss

La(v,y) =0 pa(v) =y

Gradient
ViLla(v,p) = VQ*(v) — y
= pa(v) —y




Outline

Generalized Fenchel-Young losses



Regularized energy networks

(Blondel et al, 2022)

input logits output

p = p§(v) = argmax B(v,p) — QUp) € C Pumexinizing

peC energy

o:VxC—-R Q:C—R



Generalized conjugates

¢:Vx(C—-R O:-C =R (Moreau, 1966)

Q% (v) :== max ®(v, p) — Q(p)

peC
pg(v) = argmax ®(v,p) — Q(p)
peC

F(v) is ®-convex

)
1Q s.t. F(v) = Q@(U)



A

Generalized conjugate properties

. Generalized Fenchel-Young inequality: for all v € V and p € C,

Q% (v) + Q(p) — ®(v,p) > 0.

Convexity: If ®(v,p) is convex in v, then Q% (v) is convex (even if Q(p) is nonconvex).
Order reversing: if Q(p) < A(p) for all p € C, then Q% (v) > A®(v) for all v € V.
Continuity: Q% shares the same continuity modulus as ®.

Gradient (envelope theorem): Under mild assumptions (see proof), we have
VQ?P(v) = Vi®(v, pd(v)), where Vi denotes the gradient in the first argument.

Smoothness: If C is a compact convex set, ®(v, p) is S-smooth in (v, p), concave in p and 2(p)
is y-strongly convex in p, then Q%(v) is (8 + 8?/7)-smooth and p&(v) is B/~-Lipschitz.



Generalized Fenchel-Young losses

(Blondel et al, 2022)

Lo (v,y) = Q% (v) + Q(y) — P(v,y)

]Lg(v, Y)

2(p)

S
3

S
Naglil |
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GFY loss properties

Non-negativity

LE(v,y) >0

Zero loss

LE(v,y) =0 < po(v) =y

Gradient

Vng(v,p) — VQ(I)(U) — Vl(I)(U, y)
— Vl@(v,pg(v)) — V1®(v, y)

N

envelope theorems



Bounds

d(v,p) — Q(p) y-strongly concave in p

|
N
>l = po()* < L (v, p)

Upper bound

d(v,p) concave in p

J
Lg (U,p) < LQ(VQCI)(U,]?),]?)



Multilabel classification experiments

Energy comparison (test accuracy in %)

Energy yeast scene mediamill birds emotions cal500

Unary (linear) 79.76  89.14 96.84 86.47 78.22 85.67

Unary (rectifier network)  80.03  91.35 96.91 91.74 79.79 86.25
Pairwise 80.19 91.58 96.95 91.55 80.56 85.73

SPEN 79.99 91.24 96.68 91.41 79.35 86.25

Input-concave SPEN  80.00  90.64 96.95 91.77 79.73 86.35

X : features

Loss comparison (test accuracy in %)

Y = {0,1}" : multiple labels

yeast  scene mediamill birds emotions cal500

Generalized FY loss 80.19 91.58 96.95 91.55 80.56 85.73
Energy loss 42.35  33.02 40.92 14.29 55.50 39.27

Cross-entropy loss  79.00  90.78 96.77 91.56 78.08 85.89
Generalized perceptron loss 68.36  89.33 93.24 88.92 66.34 80.11




Imitation learning experiments

Ant-v2 HalfCheetah-v2 Hopper-v2 Walker2d-v2

A 4
5000 A 4000 - ) 1400 9001 ///////*
1200 - -
4000 1 3000 + 500
c 1000 - 700 -
= 3000
2 20001

O 800 - 600 -
o 5000 -
1000 7 600 _ 500 7]
1000 - s 400 1 —— Unary
0 - 400 1 Pairwise
. 300 A

1 4 11 1 4 11 1 4 11 1 4 11
Number of demonstration trajectories

X . current observations / state

Y : angle of the arm joints in [0, 1]”



Conclusion

* \We proposed a principled loss construction based on
general conjugates for learning energy networks

* Preprint “Learning Energy Networks with Generalized
Fenchel-Young losses™ arXiv:2205.09589

* More properties

e Link with C-transforms

* More experiments

e Calibration guarantees in the surrogate loss setting
 Generalized Bregman divergences

* Thank you for your attention!


https://arxiv.org/abs/2205.09589

